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Abstract 

\l ' Let (M, oj) be a Hamiltonian G-space with a niomentum map F : 

X? , M — > g*. It is well-known that if a is a regular value of F and G 

acts freely and properly on the level set F~^{G ■ a), then the reduced 
space Ma :— F~^(G ■ a)/G is a symplectic manifold. We show that 
^ ■ if the regularity assumptions are dropped the space Ma is a union of 

symplectic manifolds, and that the symplectic manifolds fit together 
C^^ ' in a nice way. In other words the reduced space is a symplectic strat- 

ified space. This extends results known for the Hamiltonian action of 
K^ ■ compact groups. 

cn 

O ■ Introduction 
!>■ 

^-p \ Reduction of the number of degrees of freedom of a symmetric Hamiltonian 

Qv ■ system has a long history. The modern formulation of reduction is due to 

"^ , Meyer [Me] and to Marsden and Weinstein |MW ]. We recall their result. 



^ 



bJOl One starts with a symplectic manifold (M, w), a Hamiltonian action of a Lie 

^jq' group G and a corresponding equivariant momentum map F : M ^ g* . Let 

'^ . O be a coadjoint orbit of G. If the momentum map is transversal to the orbit, 

then the preimage ^"^(0) of the orbit is a submanifold of M and the action 

of the Lie group G on the preimage is locally free. Assume that this action 

is actually free and that the orbit map F^^(0) -^ F^^{0)/G is a fibration. 

5r ! The reduction theorem says that the orbit space Mq := F~^{0)/G is a 

symplectic manifold. The restriction of a smooth G invariant function h 

on M to the preimage of the orbit descends to a smooth function ho on 

the reduced space Mo- Moreover, the Hamiltonian flow of h on ^^^(0) 

descends to the Hamiltonian flow of ho on the reduced space. 

It turns out that often the action is only locally free, so at best the 
reduced spaces are symplectic orbifolds. This already suggests that the 
category of symplectic manifolds is too restrictive for Hamiltonian dynamics. 
More generally one would like to get rid of the the transversality hypothesis 
in the reduction procedure. One reason for this desire is that the more 
symmetry the point of a system has the more singular the momentum map 
is at this point. Of course, the symmetric points are not generic, but they 
are very important in understanding of the dynamics of the system. Another 
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reason is that one would like to understand the change in the topology of 

the reduced space as one crosses the critical values of the momentum map. 

For a number of years the reduction at singular values of the momentum 



map has been problematic. In 1981 Arms, Marsden and Moncrief |AMM] 
showed that under some assumptions the set F~^(0)/G is a union of sym- 
plectic manifolds and that the flow of invariant Hamiltonians on the level set 
F~^{0) of the momentum map descends to the flow of the reduced Hamil- 
tonians on these symplectic manifolds. Yet this observation didn't gain use 
and is not well known. In fact it has been rediscovered at least once Q. 
Many reduction schemes have been proposed since 1981. A number of them 



are compared in [AGJ]. 



Our approach to reduction is the one proposed in pL| and | LMS| ] . Namely, 



for a point a in the dual of Lie algebra of G, the reduced space at a is the 
topological space M^ = Mc-a '■= F^^{G • a)/G, where G • a is the coadjoint 
orbit through a. In general this topological space can be quite horrible, as 
we shall see shortly. One of the main points of the paper is that we only need 
to make two assumptions — that the action is proper and that the coadjoint 
orbits of our group are locally closed — to guarantee that the reduced spaces 
are manageable. By 'manageable' we mean that Hamilton's equations hold 
and the geometry of the reduced space is reflected in the dynamics. 

We will also show that in analogy with symplectic orbifolds (which are 
modeled on a symplectic vector space modulo a finite group) our reduced 
spaces are modeled on symplectic vector spaces reduced at zero with respect 
to a linear action of a compact group. This extends the results of ||SL| and 
IS| which proved the above assertions for the case of the compact symmetry 



group. One motivation for the extension is to push the methods of [3L| as 
far as they would go. Another motivation for this extension comes from field 
theory, where the symmetry groups are not compact. Yet some field theories 
such as Yang-Mills in bounded domains do not satisfy the assumptions of 
the Arms-Marsden-Moncrief theory (for which field theory appears to be a 
primary motivation), but the gauge group still acts properly, and a large 
portion of the finite dimensional results can still be established | BSS[ . 
We now briefly describe the organization of the paper. 

1. We start out by defining an algebra of "smooth functions" on the 
reduced space with a natural Poisson bracket. The bracket allows us 
to define Hamiltonian flows of smooth functions on the reduced space. 
If the smooth functions on the reduced space separate points the flows 
are unique. 

2. The Hamiltonian flows of smooth functions preserve the decomposition 
of the reduced space induced by the orbit type decomposition of the 
original manifold. 

3. Local normal form computations show that 

(a) the orbit type decomposition of the reduced space is a decompo- 
sition into symplectic manifolds; 

(b) the embeddings of these manifolds {the symplectic pieces) into the 
reduced space are Poisson maps; 



(c) the group generated by the Hamiltonian flows of functions on the 
reduced space acts transitively on the connected components of 
the symplectic pieces; 

(d) consequently, the Poisson algebra of smooth functions on the re- 
duced space carries all the information about the decomposition 
of the reduced space into symplectic pieces. 

4. The last fact allows us to define isomorphisms of reduced spaces in 
terms of the corresponding isomorphisms of Poisson algebras of func- 
tions. We can also define local isomorphisms. 

5. Local normal form computations show that a reduced space is locally 
isomorphic to a symplectic vector space reduced at zero with respect 
to a linear action of a compact group. This symplectic vector space 
is the maximal symplectic subspace of the slice to the corresponding 
orbit in the original manifold. 

6. It follows that the decomposition of the reduced space by orbit type is 
a stratification and that the local structure of a stratification can be 
read off from the slice representation. 

7. We use the local normal form computation to show that the strata of 
the reduced space can individually be obtained by Marsden-Weinstein- 
Meyer reduction. This provides us with a way to reconstruct the orig- 
inal dynamics from the dynamics on the reduced space. 

8. We conclude by showing how one can use symplectic cross-sections to 
factor out the coadjoint orbit directions. 

1 Dynamics on the reduced space 

Consider a symplectic manifold M with a Hamiltonian action of a Lie group 
G and let F : M ^ g* be a corresponding equivariant momentum map. Fix 
a coadjoint orbit O of G. We define the corresponding reduced space Mo 
to be the topological quotient of the subset ^^^(0) of M by the action of 
the group G, 

Mo :=F'\0)/G. 

We have not made enough assumptions to guarantee that the set F^^{0) is 
a manifold or that the quotient space Mo is nice. 

Example 1 Consider an irrational flow on a torus R x T^ -^ T^ generated 
by a vector ^ in the Lie algebra of T^ . The flow lifts to a Hamiltonian action 
on the cotangent bundle of the two torus. The reduced space at zero Mq is 
homeomorphic to T^/R x R^° where R^° is the annihilator in the dual of 
the Lie algebra of the torus of the line through ^. The reduced space is not 
HausdorfF. 

We note for future reference that the space of functions on the cotangent 
bundle of the two torus that are invariant under the flow is isomorphic to 
the space of functions on R^ and that the Poisson bracket of two invariant 
functions is zero. 



Our first step in defining the dynamics on the reduced space (in this we 
are following | ACG[| ) is to define a Poisson algebra of "smooth functions" on 



the reduced space. Since the restriction of a smooth invariant function on 
the manifold M to the set F~^{0) descends to a continuous function on the 
quotient F~^{0)/G = Mq, we define the smooth functions on the reduced 
space to be these restrictions, 

:= C°^{Mf/I, 

Here C'^{M) is the algebra of smooth G-invariant functions on the man- 
ifold M, and I = I{F~^{0)) is the ideal of invariant functions that vanish 
on the set ^"^(0). 

To show that the algebra of smooth functions C°°{Mc)) is a Poisson 
algebra, we need to check that I is not only an ideal under multiplication of 
functions but also an ideal with respect to the Poisson bracket (recall that 
the G invariant functions form a Poisson subalgebra of C°°{M)). The fact 
that X is a Poisson ideal follows from Lemma y below. 

Lemma 2 Let M be a symplectic (or, more generally, a Poisson) manifold, 
and A he a Poisson subalgebra of C°°{M). Suppose that the Hamiltonian 
flows of functions in A preserve a subset X of the manifold M. Then the 
ideal 

1{X) ■.= {feA: f\x = 0} 

of functions in A that vanish on X is a Poisson ideal of A. 

Proof. Let / be in ^, x be a point in X and h be in the ideal X{X). Let 
7(t) be the integral curve of the Hamiltonian vector field of / with 7(0) = x. 
Then 7(t) is in X and so h{'y{t)) = for all t. Differentiation with respect 
to t yields 

^ h{j{t))={f,h}{x) 



0= ^ 

dt 







Thus {/, h}\x = 0, i.e., {/, h} is in the ideal 1{X). □ 

The Hamiltonian flows of invariant functions on M preserve the fibers of 
the momentum map F (Noether's theorem). Therefore, by Lemma § with 
A = C°°{M)^ and X = F-^(0) we have that I{F-^{0)) is a Poisson ideal. 
This proves that the smooth functions C°°{Mc)) on the reduced space form 
a Poisson algebra. 

Remark More generally, we can define a sheaf of Poisson algebras on the 
reduced space, a kind of structure sheaf. An open set U in the reduced 
space Mq is the quotient of the intersection of the level set F^^{0) with a 
G invariant open set U. We define the Poisson algebra C°°{U) by 



C°°([/) := C°°{U) 



G 



F-^{0) 



Remark Recall that if the action of the group G on the manifold M is 
proper, then for a subgroup H oi G the set of points Mf^jj-^ of orbit type H, 
i.e. the set of points with orbits isomorphic to G/H, is a submanifold of 



M (the definition of proper actions and some of tlieir properties are listed 
later). Since the Hamiltonian flow of a G invariant function on M is G 
equivariant, the manifolds Mf^\, H < G, are preserved by the flows of in- 
variant functions. Therefore for a subgroup H of G the ideal of invariant 
functions vanishing on the intersection F^^{0) n Mifj\ is a Poisson ideal 
in the algebra of the invariant functions and consequently defines a Poisson 
ideal in the algebra of smooth functions C°°{Mq) on the reduced space. 

The Poisson bracket on the reduced space should allow us to write down 
equations of motion for any / G C°°{Mq). But first we need to define what 
we mean by a smooth curve in a reduced space. 

Definition 3 A smooth curve 7 in a reduced space Mq is a continuous map 
7 : / ^ Mo, I an interval, such that for any smooth function h G C^{Mc>) 
the function h{'y{t)) is a smooth function on the interval /. 

A smooth flow {4>s} on Mo is defined similarly. It is a one-parameter 
group of homeomorphisms (ps ■ Mo -^ Mo such that for each h E C°°{Mo) 
and each s, we have h o (ps & C^{Mo), and for each point m, G Mo the 
curve s 1— > (j)s{m) is a smooth curve. 

We are now in a position to define a Hamiltonian flow of a smooth function 
on a reduced space. 

Definition 4 A Ham,iltonian flow of a sm,ooth function / on a reduced 
space Mo is a smooth flow {(ps} such that for any point m in Mo and any 
smooth function h in C^{Mo) we have 

^h{Mm))={f,h}{Mm)) (1) 

as 

where { , } is the Poisson bracket on C°°{Mo)- 

This definition raises a problem. Since the reduced space Mo is not 
necessarily locally Euclidean, equation ([l|) is not in general a system of 
ordinary differential equations in a coordinate-free notation. Therefore the 
existence and uniqueness of solutions of (||) needs to be addressed. 

The existence is easy. The key fact is that the Hamiltonian flow of a G 
invariant function / on the original symplectic manifold M is G equivariant. 
Since the flow also preserves the level sets F~^(0) of the momentum map F, 
it descends to a flow on the reduced space Mo- It is now a formal exercise 
to check that this flow is smooth, and that it is a Hamiltonian flow of the 
corresponding function / G C°°{Mo) in the sense of the above definition (cf 
p. 389 in |Sp). 

The uniqueness is not to be expected without additional assumptions 
about the topology of the reduced space. Indeed, on a non-Hausdorff mani- 
fold an integral curve of a vector field is not necessarily unique. One would 
expect non-uniqueness on any non-Hausdorff space. The example of the 
irrational flow on the cotangent bundle of the two torus considered above 
is quite instructive in this case. Recall that the reduced space at zero in 
the example is homeomorphic to the product (T^/R) x R. It is easy to see 
that the smooth functions on this reduced space are simply the functions 



that are constant on the first factor and smooth (in the usual sense) on the 
second factor. It follows that any continuous flow on the product that fixes 
the points of the second factor is smooth. Since the induced Poisson bracket 
is zero, any flow that fixes the points of the second factor is a Hamiltonian 
flow of any smooth function. Thus a different set of ideas is needed to make 
sense of non-Hausdorff reduced spaces. 

Lemma 5 // the smooth functions on the reduced space separate points, then 
Hamiltonian flows are unique. 



Proof. Again we follow |SL|, p. 389. Suppose that 4>t and V't are two 
Hamiltonian flows on a reduced space Mo generated by a function / G 
C°°{Mo)- Then, by the chain rule, (p-t is a flow of — /. Since smooth 
functions separate points, it is enough to show that for any function h £ 
C°°{Mo) and any point m in the reduced space, 

h{ipt{(l)-tim))) = h{m). 

However 
d 



^^h{M<t>-t{m))) = {h,f}{M<t>^t{m)))+{h,-f}{M4>-t{m))) = 0. 



D 



At this point we make an assumption that will guarantee that functions 
on the reduced space will separate points, namely that the action of the 
symmetry group G on the original manifold M is proper, that is to say the 
map 

G X M ^ M X M, {g,m) h^ {g ■ m,m) 

is a proper map. Equivalently, an action of G on M is proper if given two 
convergent sequences {m„} and {§„ ■ rUn} in M there exists a convergent 
subsequence {guk} in G. 

Digression: properties of proper group actions 

We now list the properties of proper group actions that we will need in the 
course of the paper. The proofs of some properties are easy or are readily 
available. Other properties appear to be folklore and we will supply the 
proofs in the appendix. 

1. The isotropy group Gm of any point m in M is compact; all orbits of G 
in M are closed and embedded submanifolds. 

2. The orbit space M/G is Hausdorff. 

3. At every point m € M there exists a slice for the action of G. That is 
to say there is a ball B about in the fiber TmM/TmG ■ m of the normal 
bundle to the orbit through m with B invariant under the action of Gm and 
an embedding (/) : B ^ M with 0(0) = m such that the set G ■ 4>{B) is open 
in M and the induced map 

GxG^B^M, [g,b]^g-cj,{b) 



is a diffeomorphism onto the image G ■ (t){B). Here [g, b] denotes the class of 
{g,b) G Gx B in the associated fiber bundle Gxq^ B and Gm is the isotropy 
group of ra. The Gm invariant manifold (t){B) is a slice for the action of G 
at m. 

4. There exists a G invariant partition of unity subordinate to any G invari- 
ant open cover. (We assume that the manifold M is paracompact.) 

5. There exists on M a G invariant positive definite metric. 

6. Smooth G invariant functions separate the orbits of G. 

7. If w is a G invariant symplectic form on M there exists a G invariant al- 
most complex structure J adapted to to. That is to say, the bundle map J is 
symplectic, uj{J-, J-) = uj{-, •), and the symmetric form uj{-, J-) is a positive 
definite metric. A proof is provided in the appendix. 

8. For any (compact) subgroup H oi G the sets 

^{H) = {"^ £ ^ '■ Gm-, the isotropy group of m, is conjugate to H }, 

M// = {m G M : Gm is H}, 
and 

M = {m G M : Gm contains H^ = the set of points fixed by H 

are submanifolds of M (this follows from the existence of slices , cf. fact 3.). 
The manifold Mt}j\ is called the manifold of points of orhit type (H). Note 
also that the closure of Mh is contained in M but need not equal all of M . 

9. An equivariant version of the relative Darboux theorem holds: 

Theorem 6 (Relative Darboux) Let X be a submanifold of a manifold 
Y. Let ujQ and wi be two symplectic forms on Y such that ujq{x) = uJi{x) 
for each x ^ X. Then there exist neighborhoods Uq and Ui of X and a 
diffeomorphism ip : Uq — > Ui such that the pull back of uji by ip is cjq and 
ip is the identity on X. 

If a Lie group G acts properly on Y , preserves X, loq, and uJi, then we 
can arrange that the neighborhoods Uq and Ui are G-invariant and that the 
diffeomorphism ip is G -equivariant. 

A proof is given in the appendix. 

10. It follows from fact 9 that if M is symplectic then the manifolds Mh and 
M^ are symplectic as well. The manifold Mrfj\ is usually not symplectic. 

2 Geometry of the reduced space 

The main goal of this section is to establish the following theorem. 



Theorem 7 Let G be a Lie group acting properly and in a Hamiltonian 
way on a symplectic manifold (M, lo) with a corresponding equivariant mo- 
mentum map F : M ^ g* and let O he a locally closed coadjoint orbit of G. 
Then 

1. The reduced space Mq := F^^{0)/G is a locally finite union of symplec- 
tic manifolds. We will call these manifolds symplectic pieces. 

2. The Hamiltonian flows of smooth functions preserve the decomposition 
of the reduced space Mo into symplectic pieces. 

3. The embedding of a symplectic piece into the reduced space Mq is a 
Poisson map. 

Observe that the condition of a coadjoint orbit being locally closed is 
automatic for reductive groups and for their semidirect products with vector 
spaces. There is an example of a solvable group due to Mautner (0, p. 512) 
with non-locally closed coadjoint orbits so the condition we are imposing is 
not vacuous. Note also that the condition of the coadjoint orbit being locally 
closed is precisely the condition that is necessary in order for the shifting 
trick to make sense. Since we want to read off the structure of the reduced 
space from the corresponding slice representation on the original manifold 
we will not use the shifting trick. 

Theorem has an important corollary. 

Corollary 8 Suppose Mo and No' are two reduced spaces and (j) '■ Mo -^ 
No' a homeomorphism. If the induced pull-back map (j)*C°°{No) -^ C°^{Mo) 
is a Poisson isomorphism then (/) maps symplectic pieces to symplectic pieces. 

Proof. On a connected symplectic manifold the group generated by the 
time one Hamiltonian flows of smooth functions acts transitively. It follows 
from this and from assertion 2 of the theorem that connected components 
of the symplectic pieces of a reduced space Mo are equivalence classes of 
the relation: x is equivalent to y if and only if there are smooth functions 
/i) • • • 1 /n S C°°{Mo) such that a composition of their time one flows maps x 
to y. Thus the decomposition of a reduced space into symplectic manifolds is 
encoded in the Poisson algebra G°°{Mo) of smooth functions on the reduced 
space. □ 

The corollary also allows us to define local isomorphisms of reduced 



spaces. We will see in Theorem 15 that all reduced spaces (under the two 
hypotheses above) are locally isomorphic to a symplectic vector space re- 
duced at zero with respect to a linear action of a compact group. This in 
turn permits us to define abstract "symplectic stratified spaces." 

Here is the strategy of the proof of Theorem |^. We will define the terms 
and provide complete statements shortly. Fix a point x in the preimage 
F~^{0) of the coadjoint orbit. Since the symplectic form a; on M is G 
invariant the G orbit of x is a submanifold of constant rank. It follows by 



the constant rank embedding theorem of Marie [Ma2], [ Mai ] (see Theorem ^ 
below) that a G invariant neighborhood of the orbit G ■ x is symplectically 
determined by the restriction of the symplectic form to the orbit and by the 
symplectic normal bundle of the embedding G ■ x ^^ M. So if we can find 
a constant rank embedding of the orbit into some "simple" Hamiltonian G 



manifold Y, a neighborhood of the orbit in Y is going to be symplectically 
isomorphic to a neighborhood of the orbit in M. The manifold y is a kind 
of "Darboux coordinates" that take the action of G into account. We will 
then carry out our computations of the reduced space in Y. 

Digression: constant rank embeddings 

Let X be a submanifold of a symplectic manifold {P, r). For a point x in X 
the symplectic perpendicular to the tangent space of X at x with respect to 
the form r is the subspace 

T^X^ := {v e T^P : r(x)(w, u;) = for all w G T^X]. 

Together these subspaces define a subbundle TX'^ of the restriction TxP of 
the tangent bundle of P to X. Under the isomorphism 

TxP^T*^P {x,v)^{x,t{x){v,-)) 

the bundle TX"^ is identified with the annihilator TX° of TX in T^P. Since 
TX° = (TxP/TX)*, the symplectic perpendicular TX"^ is isomorphic, as an 
abstract real vector bundle, to the normal bundle of X in P. In general the 
form r(x) may be degenerate on T^X'^. In fact, the quotient T^X"^ /(T^X'^ n 
TxX) is isomorphic to a maximal symplectic subspace of [TxX'^ ^t{x)). If 
the dimension of this quotient is constant, i.e., if the distribution TXCiTX'^ 
is a vector bundle, we say that the embedding X ^-> (P, r) is of constant 
rank. In this case the quotient bundle 

N{X) := TX'^/TX^ n TX 

is a symplectic vector bundle, the symplectic normal bundle of the embed- 
ding X ^^ (P, r). Note that TXCiTX'^ is simply the kernel of the restriction 
of T to X and that as abstract vector bundles 

TxP ~ N{X) © {TX'' n TX) © TX. 

So together the pull back t\x and the symplectic normal bundle N{X) 
contain more information than the abstract normal bundle of X in P. In fact 
the two pieces of data — t\x and N{X) — uniquely describe the symplectic 
form T in a whole neighborhood of X. The precise statement is this. 

Theorem 9 (Uniqueness of constant rank embeddings) Let {P, r) and 

{P',t') be two symplectic manifolds. Suppose i : X ^ (P^'t) ^.nd i' : X ^ 
{P',t') are two constant rank embeddings with isomorphic symplectic nor- 
mal bundles such that i*T = {i')*T' . Then there exist neighborhoods U of 
i{X) in P and U' of i'[X) in P' and a diffeomorphism (j) : U ^ U' such that 
(f) o i = i' and (J)*t' = r. 

Furthermore, if G is a Lie group that acts properly on X , P and P' , 
preserves the forms r and t' and if the embeddings i and i' are G equivariant, 
then U and U' can be chosen to be G invariant and (p to be G equivariant. 

The proof of the theorem is given later in the appendix. Since any two 
equivariant momentum maps differ by a constant vector, we also have the 
following corollary (we keep the notation of Theorem ^ . 

Corollary 10 Suppose in addition that the actions of G on (P, r) and 
{P',t') are Hamiltonian with momentum maps F : P ^ g* and F' : P' ^ 
g*. If Foi = F' oi' then F' o (() = F . 



This ends our digression and we now continue with the proof of Theorem 0. 
Recall that we have a Hamiltonian G space {M^lvm) with momentum map 
F : M — > g*, that x is a point in M, a = F{x) and O = G- a is the coadjoint 
orbit through a. We want to model a neighborhood of the orbit G ■ x m 
M in order to understand the structure of the quotient F~^{0)/G near the 
orbit G ■ X. 

We have observed that G • x is a constant rank submanifold of M. We 
will now construct a symplectic manifold (Y,ujy) with a Hamiltonian G 
action, an equivariant momentum map Fy and an embedding i : G ■ x ^^ Y 
such that i*uJY = ujm\g-x, the symplectic normal bundle of i is the same 
as oi G ■ X ^^ M and Fy{x) = a. The constant rank embedding theorem, 
Theorem ^ would then guarantee that there are neighborhoods U oi G ■ x 
in M, Uy of G • X in y and a G equivariant diffeomorphism (p '■ Uy — > U 
such that (I)*ujm = ^Y and (j)*F = Fy. 

Proposition 11 Let F : Af — > g* be a momentum m.ap for a Ham,iltonian 
action of a Lie group G on a symplectic manifold {M,ujm)- Then for any 
point x G M the restriction of the ambient symplectic form ujm to the orbit 
G ■ X equals the pullback by the momentum map F of the symplectic form on 
the coadjoint orbit through F{x): 

^m\g-x = F*iVG.F{x)\G-x 

where ujg-f(x) ^^ the Kirillov-Kostant-Souriau (KKS) symplectic form on the 
coadjoint orbit of F{x) in g*. 

Proof. Let a = F{x). For a vector ^ G g let ^m denote the corresponding 
vector field on M induced by the action of G and ^g* the corresponding 
vector field on g* induced by the coadjoint action. By the definition of the 
momentum map, we have for any ^,1] G g 

u:M{x){iM{x),riM{x)) = {^,dFj;{r]Mix))). 

By the equivariance of F, we have dFx{riM{x)) = rjg*{F{x)) = r/g*(a). Fi- 
nally, 

(^> %*(")) = {{-ad 7])^, a) = ([^,r/],a) = ujG-a{^e*{a),rig*{a)) 

and we are done. □ 

Remark The proposition allows us to take a more uniform view of regular 
reduction and, in particular, to make sense of the shifting trick. Suppose 
a momentum map F : M — > g* is transversal to a locally closed orbit 
G • a C g* and that the action of G on the preimage F~^{G ■ a) is free. Then 
by the proposition the form {to — F*u}G-a)\F-''-{G-a) is basic and descends to a 
symplectic form on the quotient. This form on the quotient is the Marsden 
- Weinstein - Meyer reduced form. 

Corollary 12 The symplectic perpendicular Tx{G-x)^^' to the tangent space 
at X of the orbit through x intersects the tangent space in the Ga directions: 

T,{G ■ x)-« n T,{G ■ x) = T,{Go, ■ x). 
10 



Here Ga is the isotropy group of a = F(x), the image of x under the mo- 
mentum m,ap F. 



Corollary 12 says that the subspace {ga)M{x) := {iuix) '■ ^ & ga = 
Lie{Ga)} is the null space of the form u;m{x)\t^(g-x)- Note that since F is 
equivariant, the isotropy group Gx of x is contained in Ga- 

Choose a Gx invariant splitting 

g = ga © S (2) 

(we use the fact that Gx is compact). Then uiM{x)\sf,,i{x) is nondegenerate. 
So sm{x) is a symplectic subspace of {TxM,ujm{x)) isomorphic to the tan- 
gent space of the coadjoint orbit through F{x). (Note that ^m{x)\sj^,(x) — 
ujG-a{o(), d = F{x).) Also the symplectic perpendicular Tx{G-x)^^ contains 
{ga)M{x). Pick a Gx invariant splitting Tx{G ■ x)'^^/ = (ga)M(x) © V. Then 
y is a symplectic subspace in {TxM,u)Mix)). Note that V is isomorphic to 
the quotient T^(G • x)'^^"/{Tx{G ■ x)'^^" n T^(G • x)), which is a typical fiber 
of the symplectic normal bundle of the orbit G-x in M. Let LOy = uJMix)\v- 
Since V and sm{x) are both symplectic and Gx invariant, the symplectic 
perpendicular {V © suix))^'^^ is also symplectic and Gx invariant. The 
symplectic perpendicular contains {ga)Mix), which is null in it. Hence, by 
dimension count, this space is Lagrangian in the symplectic perpendicular. 
We conclude that {TxM,iOM{x)) splits as a direct sum of three symplectic 
subspaces: 

{TxM,UJm{x)) = iV,UJv) © iSM{x),UJG-a{a)) © ((ga)M(x) © (ga)Af (a;)*), 

and the splitting is Gx invariant. The symplectic form on the last summand 
is the canonical form on the product of a vector space with its dual. 

The tangent space at x to the total space Y of the associated bundle 
vr : G xq^ {{ga/gx)* (B V) -^ G ■ x (we think of the orbit G • x as being 
embedded in the bundle as the zero section) is 

TxY ~ Tx{G • x) © {ga/gxT (BV^ (s/g,) © (g„/g,) © (g„/g.)* © y ~ TxM. 

We now construct a closed G invariant two form r on the total space Y of 
the associated bundle such that 

{Tx{G XG^ [{ga/gxT © V]),t{x)) = {TxM,u;{x)). 

The form r is going to be the sum of three terms. We construct the first term 
Ti by first pulling back by the momentum map F the KKS symplectic form 
cvG-a on the coadjoint orbit through a = F{x). We then pull it back by the 
bundle projection map vr : y ^ G • x, so ti = ■K*{F\G-x)*^G-a- At the point 
X the form ri is a nondegenerate two form on the subspace s/ga; ~ sm(x). 
To construct the second and the third terms observe that the diagram 

Y 



GxGAsJgxyev - 


- GXG^V 


i 


i 


GXGAga/gxT 


-^ G-x 



commutes. So we can think of y as a vector bundle over Gxg^V with typical 
fiber (ga/gx)* or as a vector bundle over G Xg-x (ga/gx)* with typical fiber 
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V. Therefore a form on the total space of G Xq^ F or of G Xq-x (Ea/gx)* 
may be thought of as a form on the manifold Y. 

To construct the second term T2 we embed G xq^ {Za/Zx)* into the 
cotangent bundle of the orbit G ■ x. The Gx equivariant splitting g = s© g^ 
chosen above gives rise to a Gx equivariant projection 

g -^ ga, 
which induces an embedding 

J ■■ {ga/gxT ^ (g/gxT 

and thereby an embedding j of the associated vector bundles 
j:GxG^ {gjg^r ^GxG^ (g/g,)* ^ T*{G • x). 

The pull-back by j of the canonical symplectic form ujt*(G-x) on the 
cotangent bundle of the orbit G • x is a closed two form on G Xq^ (ga/gx)* 
hence gives rise to a closed two form T2 on y. 

The construction of the third term T3 is an example of minimal coupling 
of Sternberg. We first refine the splitting g = s © g^ to a G^; equivariant 
splitting 

g = g^ © m © s 

(with ga = gx ® f^)- Let ^0 : g ^ gx be the corresponding Gx equivariant 
projection. It defines a left G invariant ga;-valued one form A on G. The 
form ^ is a connection one form for the principal Gx bundle G ^ G ■ x. Let 
Fy : y ^ g* denote the momentum map arising from the linear symplectic 
action of Gx on (y,ujv)- Consider the following two form on G xV: 

f3 = d{A,Fv)+uJv. 

The form is Gx invariant. It is not hard to check that it is basic for the 
projection GxV^Gxg^V. Denote the corresponding closed two form 
on G Xg^ V and hence on Y by T3. Note that the value of T3 at x on 
V C TxY = TxM is the form ujy and the restriction of T^lx) to the other 
two summands is zero. (This is because Fy is a homogeneous quadratic map 
on V, so Fv{0) = and (iFv(O) = 0. Consequently at a point {g,0) £ G xV 
we have d{A,Fv){g,0) = {dA,Fv){g,0) + {A AdFv){g,0) = + = 0.) 

We conclude that {ti + T2 + T3){x) =uj{x). Let r be the sum ti + r2 + T3. 
By construction r is a closed G invariant two form on the total space of y = 
GxG^{{ga/gx)*(BV) which is non-degenerate at the points of the zero section 
G-x. Thus T is non-degenerate in some {G invariant) neighborhood Iq of the 
zero section. Note that by construction we have t\g-x = F*ujG-a = ^\g-x and 
the symplectic normal bundle of the embedding G ■ x ^^ {Yq,t) is G Xg^V 
which is the symplectic normal bundle of the embedding G-x ^^ (M, iv). The 
constant rank embedding theorem says that if we shrink the neighborhood 
Yq a bit more, we will have a G equivariant map ip : Yq ^ M which is 
a diffeomorphism onto its image and has the properties that Vlc-a; is the 
identity map and 1^*10 = r. That is to say, a neighborhood of the zero 
section G-x in the associated bundle {Gxg^ [iga/gx)*®V],T) is the promised 
"Darboux coordinate patch adapted to the action of the Lie group G." 
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Our next step is compute a momentum map Fy for the action of G on 
(y, r). The requirement that Fy{x) = F{x) = a would then ensure that 
Fy = F oip^ where F : M ^ g* is the original momentum map. This would 
finally allow us to get on with computing the the reduced space F^^ {G-a)/G. 

A momentum map is traditionally defined for actions that preserve non- 
degenerate two forms. One can extend this definition to actions that preserve 
arbitrary two forms as long as the contractions of the vector fields induced 
by the action with the form are exact. For example, consider the form 
Ti = iT*{F\G-x)*^G-a on the manifold Y, where ir : Y ^ G • x is the vector 
bundle projection. For any .^ G g we have 

ey_lri=d(e,7r*(F|G.,)). 

Hence -Fi = tt*{F\g-x) is a momentum map for the action of G on (Y,ti). 
Note that Fi{[g, X,v]) = g • a where [g,X,v] is the class of {g,X,v) £ G x 
(ga/gx)* X y in the associated bundle Y. 

Similarly since the lifted action of G on the cotangent bundle T*(G-x) = 
G X G^ g° (g° is the annihilator of gx in g* ) is Hamiltonian with momentum 
map sending the class [g, A] of {g, X) £ G x g° to g • X, the map F2 : G Xq^ 
[iga/gx)*®V] ^ g* sending the class [g,X,v] to g-j{X) is a momentum map 
for the action of G on {Y,T2). Recall that j : (ga/gx)* -^ (g/ga;)* is defined 
by the choice of the splitting g = g^ © s made earlier. 

Let us also compute a momentum map for the action of G on (YjT^). 
Note first that the action of G on GxV given by g ■ (a, v) = {ga, v) preserves 
the form fs = d{A, Fv)+uJv- So for ^ G g the induced vector field ^gxV = ?G 
is a right invariant vector field on G and 

0={^G^d + d^G^){A,Fv) = ^G^d{A,Fv)+d{A{^G),Fv). 

Since ^g is right invariant and A is left invariant, A{S,g){9) = ^o{Ad{g^^)^). 
It follows that a momentum map for the action of G on {G x V, f^) is given 
by (g, v) ^^ g ■ i{Fy{v)) where i : g* ^ g* is the transpose of the projection 
g ^ gx- Therefore -F3 : iY,T^) ^ g*, a momentum map for the action of G 
on {Y^T^)^ is given by 

F:i{[g,XM)=9-i{Fv{v)). 

The upshot of these computations is that Fy = Fi + F2 + F^ \s a. mo- 
mentum map for the action of G on (1", t = ti + T2 + T3), that is to say 

Fy{[g, A, v])=g-{a + j{X) + i{Fv{v))) 

where i : g*,. '-^ g* and j : {ga/gx)* '-^ g°x are induced by an Gx equivariant 
splitting 

g = ga © S = ga; © m © S. 



The proposition below is a key computation. 

Proposition 13 Assume that the coadjoint orbit through a = F{x) is lo- 
cally closed. Then for a small enough neighborhood Yq of the orbit G-x in the 
model space Y , the intersection of the set Fy {G ■ a) with the neighborhood 
Yq is of the form 

Fy^{G ■a)nYo = {[g, X,v]eYo: X = and Fv{v) = 0}. 
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Proof. We write 

Fy-.Gxg^ {{gjg^r xV)^g\ [g, \v\^g-{a + j{X) + i{Fv{v))) 

as a composition of two maps: 

b:GxG^ {{ga/g^r xV)^G XG^ g;, [g,\,v] ^ [g,X + iUFv{v))] 

and 

£ ■GxG^g*a^g*, [g,u]^g-{a + k{u)). 

Here i^ : g* ^^ g* is the Gx equivariant embedding defined by the Gx 
equivariant sphtting ga = ga; © m chosen earher, (ga/gx)* is identified with 
the annihilator of gx in g* and /c : g* "-^ g* is the Gx equivariant embedding 
corresponding to the sphtting g = g^ © s. At the points of the form [g, 0] the 
map £^ is a submersion. By assumption the coadjoint orbit G-a is embedded. 
Therefore the preimage £~^{G • a) is an embedded submanifold of G Xg^ g% 
of codimension dimg^. It follows that the zero section of G Xc^ g* is a 
collection of connected components of the preimage of the orbit. Since the 
preimage is embedded, there is a neighborhood U of the zero section such 
that £~^(G • a) nU is the zero section. Let Iq = h^^ilA). Then 

Fy^iG • q) n Yo = b-^{U n £-^{G ■ a)) = Fq n 6-^(zero section). 

Clearly, 6~-'^(zero section) = {[(7,0,1;] : Fv{v) = 0} and we are done. □ 



Corollary 14 For any subgroup H < G and any a £ g* with the orbit G ■ a 
locally closed, the set F~^{G • a) n M(^jj-^ is a submanifold of M of constant 
rank, the quotient {Ma)(H) '■= {F~^{G-a)nM(^H))/G is a symplectic manifold 
and the inclusion {Ma)iH) ^^ ^a '■= F^^{G • a)/G is a Poisson map. 

Proof. Let x be a point in the intersection F^^{G-a)nM(^H) ■ It is no loss of 
generality to assume that the isotropy group Gx of x is H. Recall that there 
exists a G invariant neighborhood U of the orbit G • x in M, a G invariant 
neighborhood Yq of the zero section in y = G x^^ {(ga/gx)* x V) and a G 
equivariant diffeomorphism ^l; '.Yo ^ U such that 1^*10 = t\yo where r is the 
closed two form on Y constructed earlier. It follows that ip descends to a 
homeomorphism tpa '■ (^o)a -^ Ua- Here (1o)q '■= {Fy (G • a) n Yq)/G and 
Ua '■= {Ur\F~^{G-a))/G are the reduced spaces. Moreover by construction 
the pull-back map V'q : C'°°((^o)o) -^ G°°{Ua) is an isomorphism of Poisson 
algebras, where G^{Ua) '■= G°°{U)^\p-i(^G-a) ^tc. Therefore it is enough to 
prove the statements of the corollary for the action of G on (Yq , r) . 

It is convenient to ignore the distinction between the total space Y and 
the neighborhood Yq of the zero section in Y. We note for future reference 
that the embedding of the symplectic slice V into the model space Y given 
by i; H^ [e,0, f], where e is the identity element of G, is symplectic, i.e., 
r|y = ujv- It is not hard to see that 

Y^H) = GXH[igaM*xVf 

where [(ga/h)* x V] denotes the subspace of H fixed vectors (remember 
that Gx = H). It follows that Fy^{G ■ a) n Y^^h) = GxhV^ ^ G/H x V^. 
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Since T\Qifjy^yH = uj\g-x + ^v\v'^ ^-^^ V^ is a symplectic subspace of F, we 
conclude that Fy (G • a) n Yiu\ is a submanifold of (Y, r) of constant rank 
and that the quotient (Fy (G • a) Pi Y(^fj))/G is diffeomorphic to y^. 

Therefore F~^{G ■ a) n M/j:;-) is a submanifold of (M, w) of constant rank 
and the quotient {F~^{G ■ a) n M(^))/G is a manifold. We also see that 
the form (w — F*ujG-a)\F-'^{G-a)nM,„', is basic and descends to a form on the 
base locally isomorphic to w^lv^- Thus {Ma)(H) is ^ symplectic manifold. 

Finally observe that if a function / on y is G invariant then its restric- 
tion to Fy^iG ■ a) n Y(^ff^ = G/H x V^ is completely determined by by its 
restriction to V^ . It follows that the map {Ma)tH) ^^ ^a is Poisson. □ 

To finish the proof of Theorem ^ we need to show that the decomposi- 
tion of the reduced space Mc-a = M^ into symplectic pieces is locally finite 
and that the Hamiltonian flows of smooth function on the reduced space 
preserve the decomposition. The local finiteness of the decomposition of the 
reduced space follows from the local finiteness of the decomposition of the 
original manifold M into orbit types which in turn follows from the exis- 
tence of slices for proper group actions. The fact that the Hamiltonian fiows 
preserve the symplectic pieces of the reduced space is a consequence of the 
fact that Hamiltonian flows of G invariant functions on M are G equivariant 
and hence preserve the orbit types. This concludes the proof. n 

We now refine Theorem ^ in two different ways. The first refinement is a 
theorem that describes more precisely how the symplectic pieces fit together. 
The second one is a theorem that shows that the symplectic pieces can also 
be obtained by regular reduction, thus providing a way to reconstruct the 
reduced dynamics. 

Theorem 15 Let G be a Lie group acting properly and in a Hamiltonian 
fashion on a symplectic manifold (M, w) with a corresponding equivariant 
momentum map F : M ^ g* . Let x be a point in the manifold M and 
a = F{x). Assume that the coadjoint orbit G-a is locally closed. Then locally 
the reduced space Ma = F~^{G-a)/G is isomorphic to a neighborhood of the 
image of the origin in the space obtained by reduction at of the symplectic 
slice V := Tx{G ■ x)^ / {Tx{G ■ x)^ r]Tx{G ■ x)) through the point x with respect 
to the isotropy group Gx of x. 

Proof. As before it is enough to prove the theorem at the point x for the 
model space (y, t), where Y = G Xq^ {{Ea/Sx)* x V)- Of course, as was 
mentioned previously, the form r is only nondegenerate on some neighbor- 
hood of the zero section G ■ x, so the Poisson bracket is only defined in 
that neighborhood. It would be a notational nightmare to keep track of the 
neighborhood so we will again pretend that r is nondegenerate everywhere 
on Y. 

Recall that the embedding of the symplectic slice V into the model space 
Y given by f i— > [e,0, f], where e is the identity element of G, is symplec- 
tic, i.e., t\v = ujv- We now prove that the restriction C°°{Y) -^ G°°{V) 
induces an isomorphism of Poisson algebras G'^{Ya) -^ G°°(Vo) where 
C°-{Ya) := C°°{Y)G\F-\G-a) and G°-{Vo) := C°-{Vf^\p-i^Q^ are the alge- 
bras of smooth functions on the corresponding reduced spaces. It is easy 
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to see that restriction to V defines a surjective map C°°(y) -^ C^{V) "^ , 
f '"^ f\v- Indeed, any G invariant function on G Xq^ ((ga/gx)* x V) re- 
stricts to an Gx invariant function on (go/ga;)* x V hence to a Gx invariant 
function on V. Conversely, any Gx invariant function on V extends triv- 
ially to a G X Gx invariant function on G x (ga/gx)* x y, so the restric- 
tion map G°°{Y)^ -^ C°°(y )'-'"' is surjective. In fact the same argument 
shows that the map G'^^iG Xq, ({0} x V))'^ -^ C°°(F)<^- is bijective. Since 
Fy'^iG ■a)nV = Fy^{0), it follows that the map 

induced by restriction to V is bijective as well. The bijection is a Poisson 
map because t\v = ojy. □ 



Theorem 15 shows that the decomposition of a reduced space into sym- 
plectic pieces is well behaved. The reason for this good behavior is that 
the decomposition of a vector space reduced at zero with respect to a linear 
action of a compact group forms a Whitney regular stratification. We now 
present the details. 



We recall the discussion in [3L|. Let {V, ojy) be a symplectic vector space. 



K a compact Lie group and K — > Sp{V,u:v) a symplectic representation 
oi K. As was mentioned earlier the K momentum map Fy : V ^> W* 
that sends zero to zero is a quadratic polynomial. The reduced space at 
zero Vo = Fy (0)/^ can be described as a semi-algebraic set. To this 
end consider the algebra R[y] of K invariant polynomials on V . It is 
well known that the algebra is finitely generated. A deep result due to G. 
Schwarz |Sch| asserts that the algebra of invariant functions C°°{y) is 



also finitely generated in the following sense. Let pi, . . . ,p„ be a minimal 
set of generators of the algebra of invariant polynomials and let p : V^ — > R" 
be given by p{v) = (pi(f), . . . ,p„(f)). Schwarz's theorem asserts that the 
smooth invariant functions on V are the compositions of smooth functions 
on R" with the invariant map p, i.e.. 

Since K invariant functions separate orbits the induced map p : V/K — > R" 
is injective. In fact it is a proper embedding (see for example Q]) and 
the image p{V/K) = p{V) is, by the Tarski - Seidenberg theorem, a semi- 
algebraic subset of R". 

It is also easy to see that the map p embeds the reduced space Vq as 
a semi-algebraic subset. Indeed, let || • || be a norm on the dual of the 
Lie algebra k* defined hy a K invariant inner product. Then ||i^y|p is an 
invariant polynomial on V. So there is a polynomial / on R" such that 
||Fy||2 = fop. Since {\\Fv\\^)-\0) = Fy\0) we have ^(^0) = {/ = 
0}r\p{V). Thus p{V) is a semi-algebraic set. Note that in complete analogy 
with Schwarz's theorem the embedding map p : Vq — > R" induces a surjective 
map p* : C°°(R") —>■ C°°{Vo), where as before C°°{Vq) denotes the algebra 
of smooth functions on the reduced space, C°°{Vq) = C°°{V)^\p~i,Qy 



It was shown in |SL|] that p embeds symplectic pieces of the reduced 
space Vq into smooth submanifolds of R". This defines a decomposition 
of the semi-algebraic set p{Vo) into smooth manifolds. It was also shown 
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(loc. cit.) that this decomposition of p{Vq) satisfies the Whitney regularity 
condition. 



Thus Theorem 15 asserts that the decomposition of reduced spaces into 
symplectic pieces defined by orbit type is a stratification (in a technical 
sense) and that the stratification is locally Whitney regular. This excludes 
more pathological singular spaces such as a cone over the integers (not locally 
finite) or the set 

X = {(x, y) G R2 : X = 0, -1 < y < 1} U {{x, y) G R^ : x > 0, y = sin -}, 

X 

which is connected but not path connected. 

The next theorem is useful in reconstructing the original dynamics from 
the dynamics in the reduced space. 

Theorem 16 Let G be a Lie group acting properly and in a Hamiltonian 
way on a symplectic manifold {M,uj) with a corresponding equivariant mo- 
mentum map F : M ^ g* . Let x be a point in the manifold M, H the 
isotropy group of x and a = F[x). 
The manifold 

Mh := {m, £ M : Gm = H} 

is a symplectic submanifold of M . The normalizer N of H in G preserves 
Mh and the quotient group L = N/H acts freely. This action of L on Mh is 
Hamiltonian and the reduced space {M}{)ao, for an appropriate vector a^ £ I* 
is isomorphic to the symplectic piece {Ma)(H) = {F^^{G ■ a) n M(^h-^)/G 
provided the orbit G ■ a is locally closed. 

Remark Note that the action of L on Mh is free by construction, so the 
manifold (M//)qq is obtained by regular Marsden - Weinstein - Meyer re- 
duction. 

Proof. We show first that the action of L on {Mh,i-o\mh) is Hamiltonian. 
It is no loss of generality to assume that the manifold Mh is connected. 
Note that by the definition of A^ the Lie algebra n satisfies 

n = {XGg:[X,h]Gh}, 

where h = Lie{H). Therefore the image of I = Lie{L) ~ n/h under the 
embedding n/h "^^ g/h is the set of Ho fixed vectors (g/h) ", where Hq is the 
identity component of H. It follows that the dual projection (g/h)* — > (n/h)* 
restricts to an isomorphism vri : [(g/h)*] '^ — > (n/h)* = I*. Therefore I* is 
naturally isomorphic to (h")^", the Hq fixed vectors in the annihilator h° of 
h ing*. 

Recall that x is a point in Mh and a is its image under the G momentum 
map F. We claim that the image of Mh under F lies in the affine plane 
(h°) + a. Indeed, since Mh is pointwise fixed by H and F is equivariant, 
the image F{Mh) is also pointwise fixed by H. Also, for any vector ^ E h, 
any point y G Mh and any tangent vector v G TyMn we have 

{i,dFy{v))=u:{y){iM{v),v) = Q 

since ^Miy) = for all y £ Mh. Thus dFyiTyMn) C h° for all y £ Mh and 
so F{Mh) C h° + a since F(x) = a. 
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We conclude that the map Fl := vri o {F\mh) is a momentum map for 
the action of L on (M/f,cj|Afjj). 

Since H is closed in G, its normalizer A^ is also closed in G, so the 
action of N on Mh (and hence of L) is proper. Therefore the reduced 
space {MH)ao '■= ^l {L''^o)/L is a symplectic manifold. As was mentioned 
before, Proposition [l^ allows us the following description of the reduced 
symplectic structure on (M/^)^^. The form ujmh '■— ^\mh is not basic when 
restricted to the principal L bundle F£ {L ■ oq), but the difference {ujmh ~ 
^L^L-ao)\F^'^(L-a ) ^^ basic and descends to the reduced symplectic form 
on {MH)ao (here uiL-ao is the KKS symplectic form on the coadjoint orbit 
L-ao C r). 

We are now ready to prove the main claim of the theorem: that the 
manifold {Ma)(H) '■= {F~^ {G ■ a) H Mf^fj-^) / G is symplectically diffeomorphic 
to {MH)ao- Note first that F£^{L ■ ao) = F-^{N ■ a) n Mh- So to establish 
the diffeomorphism, it is enough to show that 

{F-^{N • a) n Mh)/N ~ {F-^{G ■ a) n M(h))IG. 

We computed the right hand side locally in the proof of Corollary |l^. We 
now compute the left hand side locally using the same model (Yq , t) . (As 
before we will ignore the distinction between the neighborhood Yq and the 
whole space Y.) We will see that locally the reduced space {MH)ao is 
modeled by the vector space {V^ ^uJvW^)- This will prove the theorem. 

The manifold Yh of points in Y with isotropy group H is equal to N Xh 
[(ga/h)* X V]^ . An argument similar to the proof of Proposition |l3| (the 
factoring of the map Fy through two maps) shows that 

Yo n Fy\N ■a)=Yon{N Xh Fy\0)). 

It follows that 

{Yo)h r\FY^{N ■a) = N XhV^ ^Lx V^ . 

Therefore, locally, 

and we are done. □ 

Actions of compact Lie groups: coadjoint directions don't 
matter 

The proofs of theorems |^, |l^ and 16 were based on Marie's constant rank 



embedding theorem [ Ma2| ] , [Mal|. However for compact symmetry groups 
we can also use a local normal form theorem due to Guillemin and Sternberg 
[pSl|| . This normal form is based on the idea of symplectic cross-sections. 
It allows us to restrict our attention to the smallest symplectic submanifold 
containing a given fiber of the momentum map. This reduces the number 
of the degrees of freedom and the dimension of the symmetry group. As a 
result, for compact symmetry groups we only need to deal with reduction 



at zero values of the momentum maps which is described in [3L|. 



The symplectic cross-section theorem can be stated as follows. 
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Theorem 17 ([ |GS2 |, Theorem 26.7) Let {M,uj) be a Hamiltonian G space 



with momentum map F : M — > g* . Let S be a submanifold of g* passing 
through a point a £ g* satisfying TaS®TaG- a = g* and S is Ga invariant. 
Then for a small enough neighborhood B of a in S the preimage F~^{B) is 
a symplectic submanifold of M. 

Moreover if we choose B to be Ga invariant, then the action of Ga 
on F~^{B) is Hamiltonian with momentum map being the restriction of F 
followed by the projection onto TaS ~ g* . 

Remark Theorem ^ above does not assume that the group G is compact. 
The main assumption of the theorem is that the tangent space to the orbit at 
a has a Ga invariant complement in g*. Clearly this is true for any point a 
if the group G is compact. If G is a real simple group and a is a semi-simple 
element (under the identification of g* with g) , then again the tangent space 
to the orbit at a has a Ga invariant complement. If a is nilpotent then no 
such splitting exists. 

Remark Guillemin and Sternberg call the submanifold R = F~^{B) a 
symplectic cross-section. It has the property that for m G F~^{a) the Ga 
orbit is isotropic in the cross-section. Also the cross-section is the smallest 
symplectic submanifold of M containing the fiber F^^(q). Thus if the a 
fiber is a manifold then it is coisotropic in the cross-section. Therefore the 
Marsden-Weinstein-Meyer reduction away from zero can be thought of as 
a coisotropic reduction, but in a smaller manifold and for a smaller group. 
(Compare this with the shifting trick that enlarges the manifold and keeps 
the group the same.) 

Remark If the manifold S is chosen carefully then the open neighborhood 
S of a in 5 can be quite large. For example if a lies in the interior of a 
Weyl chamber we can choose S to be the corresponding Cartan subalgebra 
and B to be all of the interior of the Weyl chamber. Proving this fact will 



take us too far afield and we refer the reader to |GLS| for details. 



Now suppose we have a G-invariant Hamiltonian h on the manifold M, 
and let i? be a symplectic cross section through a point x in M. Then H/j, 
the Hamiltonian vector field of h, preserves R. To see this observe that R 
is a union of fibers of the momentum map, and the flow of H/j preserves the 
fibers. This means that {R, h\ji) is a Ga-invariant subsystem of the original 
system (here as before a = F{x) and Ga is the isotropy group of a). This 
is a precise way to say that we have "factored out" the coadjoint orbit G ■ a 
directions. 

In general, pushing the cross-section R by the action of the group G 
yields an open submanifold isomorphic to the symplectic fiber bundle 

R — >Gxg„R — >G-a. 

Therefore we may think of the open submanifold as being fibered by lower 
dimensional invariant Hamiltonian systems which are all isomorphic by G- 
invariance of the total system. For instance, this point of view allows us to 
conclude that the subsystem {R,h\ji) has a stable Ga-relative equilibrium 
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if and only if the full system has a stable G-relative equilibrium. In other 
words, the coadjoint orbit directions are irrelevant as far as the relative 
equilibria are concerned or any other G-invariant features of the motion. 
Example Consider a particle in three space moving under the influence of a 
central force. Factoring out the coadjoint orbit directions amounts to fixing 
a direction of angular momentum. For a fixed direction of angular momen- 
tum the motion lies in a two plane. Therefore we can decompose phase 
space, T*R^, as a family of cotangent bundles of two-planes parameterized 
by a two-sphere plus the set of points of zero angular momentum. 



Appendix 

The goal of this section is to provide the reader with a number of proofs 
that are well known to experts but don't seem to be readily available in 
the literature. We start with the existence of invariant almost complex 
structures adapted to a given symplectic form (fact 7 of our digression on 
proper actions). 

Proposition 18 (Existence of invariant almost complex structures adapted 
to an invariant form) Let G he a Lie group acting properly on a manifold P, 
and preserving a symplectic form r. Then there exists a G invariant almost 
complex structure J adapted to t, i.e., t{.J-,J-) = t(-,-) and t{-,J-) is a 
Riemannian metric. 

Proof. Recall a proof of existence of a complex structure tamed by a sym- 
plectic form in the setting of vector spaces. Let y be a vector space and r 
a skew-symmetric nondegenerate bilinear form. Choose a positive definite 
metric g. We have two isomorphisms: 



T*:V^V\ v^t{v,-) 



and 



g*:V^V\ v^g{v,-). 
Let A = (5*)"^ o t''^ . Then for any v,w ^V we have 

g{Av^w) = {g^Av,w) = (r*f,tt;) = t{v,w) = —t{w,v) = —g{Aw,v) = —g{v,Aw), 

i.e., A = —A* where the adjoint is taken relative to the metric g. Therefore 
—A"^ = AA* is diagonalizable and all eigenvalues are positive. Let P be the 
positive square root of —A^. For example we can define P by 

p = -^ [i-A'-zy'^dz, 

zvry — 1 J7 

where ^/z is defined via the branch cut along the negative real axis and 7 
is a contour containing the spectrum of —A^. It follows that P commutes 
with A and that 

{AP-^f = A^P-^ = A^{-A^) = -1. 

The map J = AP^^ is the desired complex structure. 
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Note that the same argument works if we consider a symplectic vector 
bundle {E -^ X,t). We choose a Riemannian metric g on E and consider a 
vector bundle map A = (5*)"^ o r*. We define P : E ^ E hy essentially 
the same formula. For x £ X the map Px : E^ ^ E^ on the fiber above x is 
given by 

iVrV-l J -Jo: 

Note that since the spectrum of A^ varies with the base point x and since 
we don't assume that the base is compact, we have to let the contour 'y^ 
vary with x as well to make sure that the spectrum of —A^ lies inside 'jx- 
The map P so defined is a smooth vector bundle map that commutes with 
A and we set the complex structure J to be AP~^. 

Note finally that if a group G acts on the vector bundle £■ in a way 
that preserves the form r and that covers a proper action on the base, we 
can choose our metric g to he G invariant. Then, by construction, the 
corresponding complex structure J on i? is G invariant as well. □ 

The next theorem that we prove is an equivariant version of the relative 
Darboux theorem (fact 9 of our digression on proper actions). 

Theorem ^ (Relative Darboux) Let X be a submanifold of a manifold 
Y . Let ujQ and uJi be given symplectic forms on Y such that ujq{x) = uJi{x) 
for each x £ X . Then there exist neighborhoods Uq and lii of X and a 
diffeomorphism ip : Uq — > Ui such that the pull back of loi by ip is ujq and 
ip is the identity on X . If a Lie group G acts properly on Y , preserves 
X, loq, and uJi, then we can arrange that the neighborhoods Uq and lAi are 
G-invariant and that the diffeomorphism ip is G-equivariant. 

Proof. First suppose that we can find a one form (^ on a tubular neighbor- 
hood of X such that 

1. uji — loq = d(. 

2. ^ vanishes identically on X. 

3. C is G-invariant. 

Since at the points of X, the form wt '■= two + (1 ~ i)^i is equal to coq, it 
is nondegenerate at the points of X for < t < 1. Therefore cot is nonde- 
generate for all t G [0, 1] in a neighborhood of X. On this neighborhood the 
equation 

6-iwt = C (3) 

defines a time dependent vector field ^f The vector field is G-invariant and 
vanishes identically on X. The definition of the vector field ^t is rigged in 
such a way as to ensure that its time t flow ift satisfies 

— (/9*u;t = ujQ. (4) 

Indeed, if (^ holds then, since tot = ujq — coi = —C and since dujt = we 
have d{^t-i wt) +6—1 dun = -^t, so 
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which imphes equation (Q). The time one map c/? = (/?i of the flow of £^t is 
defined on some open neighborhood W of X because it is defined on some 
open ball about each point of X. Therefore the flow is defined on the union 
Uq of G-translates of W, that is, Uq = [jg^cd ' ^- ^^^ ^i be the image of 
Uq under the time one map V'- Then iIj : Uq — > Ui is the desired map. 

It remains to prove the existence of the G-invariant one form (^ which 
vanishes on X and satisfies LOi—iOQ = d(. Since G acts properly, the isotropy 
subgroup of a point x in X is compact. Moreover, G acts by vector bundle 
maps on the normal bundle of X in Y. Without loss of generality, we may 
replace Y by the normal bundle of X in Y. This is because the exponential 
map associated to a G-invariant Riemannian metric intertwines the induced 
action of G on a neighborhood of the zero section in the normal bundle with 
the G action in a neighborhood of the submanifold in Y. Thus we may 
assume that we have two symplectic forms ujq and lji on a vector bundle 
over X and that uji — ujq is the zero form on the zero section. The homotopy 
ipt defined by radial contraction in the fiber, namely 

^t{y) = {l-t)y 

satisfies i^io = identity, </>i(l') = zero section, (j)t fixes the zero section, and 
(j)t is G-equivariant because G acts by vector bundle maps. Now 

-(wi-wo) = (pliui - CJq) - {uJi - UJq) 
d_ 
di' 



^cpKuji — loq) dt 



4>t ('C^tlwi -i^o)) dt 
(^t*(d(eiJ(a;i-cJo))) dt 



= d I (l)*t{Ct-\{uJi-uJo))dt. 
Jo 

Therefore set 

C(y) = -^ <p; (6(y)^ K -a;o)(y)) dt. 

Since 4>t is G-equivariant and ^i, uji and wq are G-invariant, we conclude 
that C is G-invariant and since wi — wq vanishes on the zero section, so does 
(^. This concludes the proof of the Darboux theorem. □ 

It remains to prove Theorem |^ on the uniqueness of constant rank em- 
beddings. 

Theorem ^ (Uniqueness of constant rank embeddings) Let [P, r) 

and {P',t') be two symplectic manifolds. Suppose i : X — > {P,t) and i! : 
X -^ {P',t') are two constant rank embeddings with isomorphic symplectic 
normal bundles such that i*T = {i')*T' . Then there exist neighborhoods U 
of i{X) in P and U' of i'{X) in P' and a diffeomorphism (p : U ^ U' such 
that (f)o i = i' and (J)*t' = t. 

Furthermore, if G is a Lie group that acts properly on X, P and P' , pre- 
serves the forms r and t' and if the embeddings i and i! are G equivariant, 
then U and U' can be chosen to be G invariant and cp to be G equivariant. 
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Proof. The relative Darboux theorem says that a neighborhood of a sub- 
manifold X in a symplectic manifold (P, r) is symplectically determined by 
the symplectic vector bundle TxP- 

Now suppose i : X ^^ (P, r) is a constant rank embedding. Then i^ = 
TX'^ nTX, the null distribution of the pull-back i*T, is a vector bundle. We 
have also two symplectic vector bundles: the symplectic normal bundle of 
the embedding A^ = TX'^ /v and the bundle E = TX/v. We claim that, as 
a symplectic vector bundle, the bundle TxP is isomorphic to the direct sum 
E (B N (B {v ® V*) where the symplectic form ojy^y* on v (B v* is given by 

u:y(Qy*{l,v) = l{v) 

(here I G v* and v £ Vx)- The claim would establish the theorem. Indeed, if 
i' : X — > {P',t') is another embedding with {i')*T' = i*T and N' = N then, 
according to the claim, TxP' — TxP as symplectic vector bundles and the 
result follows from the Darboux theorem. 

To prove the claim choose an almost complex structure J adapted to r, 
i.e., choose J such that t{J-,J) = r(-,-) and g{-.,) = t{-,J-) is a positive 
definite metric. Then for any v £ TX and any w £ Ju (with the same base 
point) we have 

g{v, w) = g{v, J{—Jw)) = t{v, —Jw) = 

since Jw £ v = TX'^. So the bundle Jv lies in the metric perpendicular 
TX^ of TX and therefore JvCiTX = 0. It follows that the map cp : Jv ^>- v* 
defined as the composition of t"^ : Jv -^ T^P and of the natural projection 
T^P -^ V* is an isomorphism. Also for any v £ Ju and any w £ u we have 

t{v,w) = (r*w,tt;) = {(j){v),w). 

Therefore cf) x id : Jz^ © z^ — > z/* © i/ is a isomorphism of symplectic vector 
bundles. 

The natural map v^ n TX -^ TX/v = E is also a symplectic isomor- 
phism. We conclude that TX © Ji^ is a symplectic subbundle of TxP iso- 
morphic to -E© {v* © v). Finally observe that the symplectic perpendicular 
TX'^ of TX satisfies TX'' = {TX © JuY © i/ . It follows that 

TxP ^EeN®{u®u*) (5) 

as symplectic vector bundles. 

Note that if there is a group G acting properly on our data, we can 
make the isomorphism (|5|) above G equivariant by choosing a G equivariant 
almost complex structure. □ 
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